This paper describes the third-order solution for the nonlinear internal and surface progressive water wave in a two-layer fluid. We use the perturbation method to develop a mathematical derivation. Third-order asymptotic solution which satisfies the governing equation and boundary conditions is obtained. This theoretical solution can be used to describe the mechanism of the interaction between the surface and interfacial water waves. The numerical results demonstrate the influence of the ratio of density and thickness of the two fluids on the interfacial and surface profiles, the wave frequency.
INTRODUCTION
The internal wave travels along the interface between two fluids of different densities due to temperature or salinity variations. Since the upper subsurface layer is warmer over much of the ocean, internal waves are a common phenomenon that can be seen via field observations (Perry and Schimke 1965; Hunkins and fliegel 1973; Brekhovskikh et al. 1975 Apel et al. 1975 Osborne and Burch 1980 . When the ratio of the density difference between two layers to the density of the upper layer is small, the wave of large amplitude can propagate with small energy.
Sine 1960, the investigation of internal waves attracted much attention last for a decade (Benjamin 1966 , 1967 , Benney 1966 , Davis and Acrivos 1967 , Ono 1975 and Kubota et al. 1978 . The theoretical studies were mainly connected with analysis of wave motions in systems where the internal waves are weakly nonlinear and long with respect to the total water depth. Benjamin(1966) derived a solitary wave solution based on the simplifying assumption that the horizontal length scale of the motion is long compared to the fluid depth. Benney (1966) extended Benjamin's work to include the time-dependent properties by introducing a new two-parameter expansion method. Davis and Acrivos (1967) performed the experiments of internal solitary waves in a stratified fluid consisting of two layers that were separated by a thin layer of variable density, and compared the experimental wave speeds and wave profiles with those computed by analytical and numerical results. Thorpe (1968) examined the interfacial wave motions between fluids of different density. Funakoshi and Oikawa (1986) studied two-dimensional irrotational motion for long internal waves of large amplitude in a two-layer inviscid fluid between a rigid upper boundary and a plane bottom. They examined the properties of these waves in the limit of long wavelength, and defined the critical level for the largest amplitude of a solitary wave. To describe internal waves for both the flat top-layer surface and the freesurface boundary conditions, integral equation techniques have been utilized by Grimshaw and Pullin (1986) for large-amplitude periodic waves of extreme form. Recently, Song (2004) derived second-order random wave solution with a rigid lid. Umeyama(2002) conducted a study on third-order Stokes internal waves for a two-layer fluid of finite depth. However, their second-and third-order solution can not satisfy the dynamic and kinematic boundary conditions. It still needs to be carefully clarified. This paper will revisit the problem, with a view of re-examining the solution that has not been fully made clear in the literature (Umeyama (2002)). The third-order asymptotic solution derived in this paper satisfies the governing equations and boundary conditions. In addition, we also show that the influence of the ratio density and thickness of the two fluids as well as the wave steepness on the interfacial and surface profiles. In Section 2, the mathematical formulation of the problem is given and in Section 3, the procedure and the solution are described. In Section 4, we also illustrate with some numerical results. The occurrence of surface wave induced by the given interfacial wave due to the effect of wave steepness, density difference ratio and thickness of the two fluids is discussed and vice versa. These kinds of discussions do not seem to have been reported in the past.
FORMULATION OF THE PROBLEM
We consider a two-layer fluid system in which the flow motion is irrotational and the fluids are homogeneous, incompressible, inviscid of different density. As sketched in Fig. 1 , shows a two-layer fluid system that is stably stratified. The origin of the axes will be located in the undisturbed interface; the subscript I and II denote the upper layer and the lower layer. The density and depth of the upper layer are I  and 
